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Abstract
Let S be a set of n red and n blue points in general position in R3. Let
τ be a tetrahedra with vertices on S. We say that τ is empty if it does
not contain any point of S in its interior. We say that τ is balanced if it
contains two blue vertices and two red vertices. In this paper we show
that S spans Ω(n5/2) empty balanced tetrahedra.
1 Introduction
The study of holes in point sets in R2 and R3 was started many years ago in a
seminal papers of Paul Erdo˝s and George Szekeres [ES35, Erd78]. A list of some
of the papers studying the existence of holes in point sets, as well as variants
on colored point sets is given at the end of our paper.
All point sets S considered in this paper will be assumed to be in general
position, and to have n red, and n blue points. We will call them balanced point
sets.
A balanced 4-hole of a balanced point set S on the plane is a polygon P , not
necessarily convex, whose vertices are in S, and having two red, and two blue
vertices; in addition P contains no extra elements of S on its interior. Balanced
4-holes for point sets on the plane were studied in [BDBnFM+15]. They proved
that any balanced point set on the plane always has a quadratic number of not
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necessarily convex balanced 4-holes, and that there are balanced point sets with
no convex 4-holes. In this paper we extend these results to R3.
Let S be a balanced point set in general position in R3. Let τ be a tetrahedra
with vertices on S. We say that τ is empty if it does not contain any point of
S in its interior. We say that τ is balanced if it contains two blue and two red
vertices. In this paper we show that S spans Ω(n5/2) empty balanced tetrahedra.
To show our lower bound we consider a similar problem in the plane. Suppose
that S is now a set of n red and at least n−1 blue points in general position in the
plane. We say that a triangle τ with vertices in S is a red (2, 1)-triangle if two
of its vertices are red and one of them is blue. Blue (2, 1)-triangles are defined
in a similar way. We show that S spans Ω(n3/2) empty red (2, 1)-triangles.
2 Lower Bounds
Lemma 2.1. Every set of S of n red and at least n − 1 blue points in general
position in the plane spans Ω(n3/2) empty red (2, 1)-triangles.
Proof. Let p be a red point of S. Sort the points of S \ {p} clockwise by angle
around p. Let I1, . . . , Im be the maximal intervals of consecutive red points of
S \ {p} in this order.
Suppose that m ≤ √n. For every 1 ≤ i ≤ m let Ji be a subinterval of Ii of
at least |Ii|/2 points such that p /∈ Conv(Ji). Note that Conv(Ji) ∩ S = Ji.
Let q1, . . . , qn′ be the blue points in S sorted by distance to Conv(Ji). For
every 1 ≤ j ≤ |Ii| − 1 let Pj := Conv(Ji ∪ {q1, . . . , qj}) ∩ S. Sort the points of
Pj \ {qj} clockwise by angle around qj . Note that every pair of a red point in
S and a red point in Ji, consecutive in this order, defines an empty red (2, 1)-
triangle. This triangle contains qj and a point in Ji as its vertices. Since there
are j − 1 blue points different from qj in Pi , there are at least |Ji| − j such
triangles. Therefore, S spans at least
|Ji|−1∑
j=1
|Ji| − j = |Ji|(|Ji| − 1)
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red (2, 1)-triangles containing a vertex of Ii. By considering all such triangles
for every Ii we overcount each triangle at most two times. We have at least
1
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empty red (2, 1)-triangles. The first inequality comes from the fact that this
number is minimized when all Ii have the same cardinality; the last inequality
holds for n ≥ 22.
Suppose that m >
√
n. Every endpoint of an Ii, with the exception of at
most two, has a consecutive blue point. These pair and p define an empty red
(2, 1)-triangle. Thus we have at least
2
√
m− 2 ≥ 2√n,
2
empty red (2, 1)-triangles containing p as a vertex.
By repeating this argument for every red point either we get a total 132n
3
2
empty red (2, 1)-triangles, or for every red point p we get 2
√
n empty red (2, 1)-
triangles containing p as a vertex. The result follows.
Theorem 2.2. Let S be a set of n red and n blue points in general position in
R3. Then S spans Ω(n5/2) empty balanced tetrahedra.
Proof. For every blue point p of S we do the following. Let Π be a plane
containing p with the following properties. Π contains no other point of S; at
least bn/2c of the red points of S lie above Π and at least bn/2c of the red points
of S lie below Π. Without loss of generality assume that above Π there are at
least bn/2c blue points of S. Let Π′ be a plane parallel to Π and above p. Let S′
be the points of S above Π. Let q be a point in S′ above Π; let r be the infinite
ray with apex p and passing through q. Project q to the point r ∩ Π′. Let S′′
be the image of these projections. By Theorem 2.1 S′′ spans Ω(n3/2) empty
red (2, 1)-triangles. The preimages of the vertices of these triangles together
with p define an empty balanced tetrahedra of S. Since each such tetrahedra is
counted at most twice we have at Ω(n5/2) empty balanced tetrahedra spanned
by S.
We close our paper with two conjectures:
Conjecture 2.3. Let S be a set of n red and n blue points in general position
in R3 spans a cubic number of balanced tetrahedra.
Conjecture 2.4. Let S be a set of n red and n blue points in general position
in R2 has a quadratic number of red (2, 1)-triangles.
We observe that it is easy to see that number of red (2, 1)-triangles plus the
number of blue (2, 1)-triangles is quadratic. Any line passing trough a blue and
a red point of S, when moved up or down generates a red or a blue triangle
when it hits first a point in S.
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